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' Abstract. We present the r- functions for the hypergeometric solutions to the q-Painleve 

' (1) 

system of type in a determinant formula whose entries are given by the basic hyper- 

, geometric function gW^j. By using the W{D5) symmetry of the function sWt, we construct 

a set of twelve solutions and describe the action of W{Dq^'^) on the set. 
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1 Introduction 



A natural framework for discrete Painleve equations by means of the geometry of rational 
surfaces has been proposed by Sakai [T7]. Each equation is defined by the group of Cremona 
^ I transformations on a family of surfaces obtained by blowing-up at nine points on P^. According 

to the types of rational surfaces, the discrete Painleve equations are classified in terms of affine 
root systems. Also, their symmetries are described by means of affine Weyl groups, the lattice 
part of which gives rise to difference equations. For instance, the g-Painleve system of type E^^^ , 
I which is the main object of this paper, is a discrete dynamical system defined on a family of 

' rational surfaces parameterized by nine-point configurations on such that six points among 

. them are on a conic and other three are on a line [T7]. An explicit expression for the system of 

g-difference equations is given by [15] 



{f9-tt){f9-t^) _ {f-ht){f-b2t){f-bst){f-b,t) 
F^.: {fg-l)ifg-l) (/-65)(/-66)(/-M(/-M ■ 

{f9-t')il9-tt) _ {9-^) {9-^) {9-i^) {g-i 



(1.1) 



where t is the independent variable and the time evolution of the dependent variables is given 
by 5 = giqt) and / = f{t/q). The parameters bi [i = 1,2, ...,8) satisfy 6162^3^4 = 1 and 
bQbebrbs = 1. 

Similarly to the Painleve differential equations, the discrete Painleve equations admit par- 
ticular solutions expressible in terms of various hypergeometric functions. Regarding the q- 
difference Painleve equations, the hypergeometric solutions to those equations have been con- 
structed by means of a geometric approach and direct linearization of the g-difference Riccati 



*This paper is a contribution to the Proceedings of the Workshop "EUiptic Integrable Systems, Isomonodromy 
Problems, and Hypergeometric Functions" (July 21-25, 2008, MPIM, Bonn, Germany). The full collection is 
available at |http: / /www. emis.de/journals / SIGMA /EUiptic-Integrable-Systems.html , 
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equations [9l|T0]. In particular, the Riccati solution to the system of g-difference equations (jl.ip 
is expressed in terms of the g-hypergeometric series 

/ 1/2 1/2 \ 

sW7{ao;ai,...,a5;q,z) =s^7 \ 1/2 '"^'^ 



fl 



fc=0 



(1-ao) (gao/ai;^)fc ' 0102030405' 



fc-i 

where (o; g)^ = H (1 " "^g*)- 

i=0 

The purposes of this paper are to propose a formulation for the g-Painleve system of type e'^'^ 
by means of the lattice r-functions and to completely determine the r-functions for the hyper- 
geometric solutions (hypergeometric r-functions for short) of the system. 

This paper is organized as follows. In Section [2l we give a formulation for the g-Painlve 
system of type E^^ in terms of the lattice r-functions. Section [3] is devoted to a preparation for 
constructing the hypergeometric r-functions. We decompose the lattice, each of whose elements 
indicates the r-function, into a family of six-dimensional lattices. 

In Sections HHSl we construct the hypergeometric r-functions. We find that a q-analogue of 
the double gamma function appears as a normalization factor of the hypergeometric r-functions 
in Section SI In Section [5l we find that a class of bilinear equations for the lattice r-functions 
yields the contiguity relations for the g-hypergeometric function ^W^. As is well-known, the q- 
hypergeometric function gWy possesses the 14^(Z)5)-symmetry [13j . From that, we can construct 
a set of twelve solutions corresponding to the coset W {D^) /W {D^) , and describe the action of 
W(yD^Q^^ on the set of solutions. 

One of the important features of the hypergeometric solutions to the continuous and discrete 
Painleve equations is that they can be expressed in terms of Wronskians or Casorati deter- 
minants [U [121 [71 El [16]. In Section [6l we show that the hypergeometric r-functions of the 
q-Painleve system of type E^^ are expressed by "two-directional Casorati determinants". As 
a consequence, we get an explicit expression for the hypergeometric solutions to the g-difference 
Painleve equation (jl.ip . which is proposed in Corollary 16.11 

2 The g-Painleve system of type 

2.1 The discrete Painleve system of type E^"* 

At first, we give a brief review of the formulation for the discrete Painleve system of type E^^ 

in terms of the lattice r-functions [H |TT] . 

9 

Let C = ® Zej be a lattice with a basis {eo, ei, . . . , eg}, and define a symmetric bilinear form 
( , ) : £ X /: ^ Z by 

(eo,eo) = -l, (ei,ei) = l (i = 1, 2, . . . , 9), (ei,ej) = (i, j = 0, 1, . . . , 9; i / j). 

Consider the affine Weyl group W{e2'^) = {sq, si, . . . , sg) associated with the Dynkin diagram 
oO 



o o o o o o o- 



1 2 3 4 5 6 7 8 

The lattice C admits a natural linear action of W{E^^) defined by Sj . A = A — {hi,A)hi for 
A G £, where hi {i = 0,1, ... ,8) are the simple coroots defined by /iq = eo — ei — e2 — es and 
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hi = ei — ej+i (i = 1, . . . , 8). The canonical central element c = 3eo — ei — • • • — eg is orthogonal 
to all the simple coroots hi, and hence VF(£'g^'*)-invariant. 

The parameter space for the discrete Painleve system of type E^'^ is the ten-dimensional 

9 

vector space © Ce^, whose coordinates are denoted by = (ej, •) (i = 0, 1, . . . , 9). The root 

i=0 

(1) 8 

lattice QiEo ) = © Zoj is generated by the simple roots oq = — £i — ^2 — £3 and = — ej+i 

i=0 

{i = 1, ... ,8). The affine Weyl group W{E^^) acts on the coordinate function in a similar 
way to on the basis e^. The VF(£^g^^) -invariant element corresponding to c is given hy 5 = (c, •) = 
3eo — £1 — ■ ■ ■ — ^9) which is called the null root and plays the role of the scaling constant for 
difference equations in the context of the discrete Painleve equations. For simplicity, we denote 
the reflection Sa with respect to the root a = £ij = Ei — ej or a = Eijk = Eq — Ei — Ej — Ek for 
i,j,A;e{l,2,...,9}by Sij or Sijk, respectively. Also, we often use the notation eij — ej — ej and 
^ijk — 60 Cj Gj e/j. 

For each a S Q(^E^^), the action of the translation operator G W[E^^) is given by [6] 

T,(A) = A+(c,A)/i- Q(/i,/i)(c,A) + (/i,A)^c (A e £) (2.1) 

by using the element h G C such that a = (h,-). Note that we have T^T^ = T^Tq, and 

wTaW~^ = Tyj,a for any w G VK(£'g^^). When a = Eij or Eijk, we also denote the translation 
simply by Tij or Tij^, respectively. They can be expressed by 

Tij = Sii-^i2Sii^i^sic^igijSii^i^Sii-^i2Sij , {i, J, ^1 , . . . , /y} = {1, 2, . . . , 9}, 
Tijk = si^i2i3Sui5i(iSi-^i^i^Sijk, k,li, . . . ,1^} = {1,2, . . . , 9}. 

Let us introduce a family of dependent variables ta = t/^{e), e = {eq, . . . ,Eq), indexed by 
A G M, where M is the W^(£'^^^)-orbit defined by 

M = W{E^^'^) . ei = {A G £ I (c. A) = -1, (A, A) = 1} c £. 

The action of W[Eq^'') on the lattice r-functions ta is defined by w{ta) = t^.a for any w G 

Ty(-Eg^^). The discrete Painleve system of type E^'^ is equivalent to the overdetermined system 
defined by the bilinear equations 

[^jk][^jkl]TciTeQ-ei-ei + [^fcj] [^fci/jTcj Tco-ej-e; + [^ij][^ijl]'''ck'''eo-ek-ei = 

for any mutually distinct indices k, I G {1, 2, . . . , 9}, as well as their P^(£'g^'') -transforms 

[w{Ejk)][w{Ejkl)]T^,,e^T^,(^eo-ei-el) + {hj, fc)-Cyclic = 

for any w G VK(£'g^^). Here, [x] is a nonzero odd holomorphic function on C satisfying the 
Riemann relation 

[x + y][x — y] [u + v][u — v] = [x + u] [x — u][y + v] [y — v] — [x + v] [x — v][y + u] [y — u] 

for any x, y,u,v G C. There are three classes of such functions; elliptic, trigonometric and 
rational. These three cases correspond to the three types of difference equations, namely, elliptic 
difference, g-difference and ordinal difference, respectively. The lattice part of W[E^^) gives 
rise to the difference Painleve equation. 
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2.2 The g-Painleve system of type e!^^^ 

Let us propose a formulation for the g-Painleve system of type E^^ by means of the lattice 
r-functions, using by the notation introduced in the previous subsection. A derivation of the 
formulation is discussed in Appendices. 

The g-Painleve system of type E^^^ is a discrete dynamical system defined on a family of 
rational surfaces parameterized by nine-point configurations on such that six points among 
them are on a conic C and other three are on a line L [17]. Here, we set pi,P2,P3,P4:,P5,P6 G C 
and P7,P8,P9 £ L. In what follows, the symbols C and L also mean the index sets C = 
{1,2,3,4,5,6} and L = {7,8,9}, respectively. And we often use i,j,k,... and r, s as the 
elements of C and L, respectively. In this setting, the symmetric groups &q = {su, . . . , sse) and 
©3 = (s78, ssq) naturally act on the configuration space as the permutation of the points on C 
and L, respectively. Also, the standard Cremona transformation with respect to {pi,P2,P7) is 
well-defined as a birational action on the space. They generate the affine Weyl group 
(si2> 523, S34, S45, S56, S78, sgg, si27)- The associated Dynkin diagram and its automorphism are 
realized by 

)ei2 




689 678 6127 623 634 645 656 

and vr = si23S47S58S695 respectively. Thus we find that the extended affine Weyl group 
= {si2, S23, S34, S45, S56, S78, S89, si27i tt) acts on the configuration space. 

The lattice r-functions t\ = T\{e) for the g-Painleve system of type Ej^^ are indexed by 

A e M^^ = W{e!^^^) .ei= M'^Yl 
where 

= {A G M I (6789, A) = 0} = W^(4'^) -ei, 
= {A G M| (e789,A) = -1} = W{Ei^^).ej. 

The action of W{Ei^^^) on the lattice r-functions t\ is defined by w{ta) = t^.a for any w € 
W(^Ej^^^. The g-Painleve system of type Ej^^ is equivalent to the overdetermined system defined 
by the bilinear equations 



[^rs]TcjTco-ei-ej — i^ijsjTcr^cQ-Ci-Cr Nir'l'^Cs'^eo-ei-es ) 

hi]hir]re^re^-e,-e. + i^J, A;)-cyclic = 0, 

[eij][eki]T^o-e,-e,Teo-ek-ei + {hj, A;)-cyclic = 0, (2.3) 

''ei ''eo-ei-eg ~ '^ej'^eo-Cj-ec, + [£ji][^ii9] d-LT^^T^^ = 0, 

''"eo— 61—64 ''"60—62—63 ''"eo— 61— 63 ''"60— 62— 64 ~^ [^12] [^34] dcTf^^Tg,^ (2'4) 

for mutually distinct indices i,j, k,l G C and r,sGL, as well as their VF(-By^^)-transforms. The 
superscript C (resp. L) denotes that the r- function is indexed by A S iW^ (resp. A G M^), 
and we leave it out when it is unnecessarily. It is possible to fix the function [x] as [x] = 
e(|x) — e(— |x), e{x) = e'^^^^, without loss of generality. The factors di and dc in (j2.4p 
correspond to the irreducible components of the anti-canonical devisor Vl = eo — — eg — eg 
and T>c = 2eo — ei — • • • — eg, respectively. These factors are T^(£'|^^) -invariant and the action 
of TT is given by vr : di, ^-^^ dc- 
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The translation operators with respect to the root vectors Sij, Ej-s, ^ijr ^ Q{Ej^^) are denoted 
by Tij, Trs and Tjj>, respectively. Also, there exist fifty six translation operators that move 
a lattice point A G M^^ to its nearest ones. Let us denote such operators by Tij., Tij^ and Ti^s 
according to the action on Q^E^^^y, 

Tl7 : £78 £78 + £12 ^ £l2 - 

Ti23 ■■ £l27 ^ £l27 - £34 1-^ £34 + 

for instance. We find that these operators can be realized as Tj^ = TirSjsg, Tij^ = syggTjjfc and 
Tirs = TirsS7S9, respectively, in terms of the Weyl group W[E^^). Then, from the formula (|2.ip . 
the action on a lattice point can be calculated as Ti7(e9) = Ti7(eo — 67 — eg) = cq — ei — eg, for 
example. Note that we have the relations such as ri9ri7g = 1 and Ti23Ti5Q = 1. The translation 
operators with respect to the root vectors can be expressed by Tij = Ti^Tj'^^ , Trs = T~^Tis and 



Proposition 2.1. // the lattice r-functions ta (A G M^~) satisfy the bilinear equations (12. 2p 
and their W [E^^^^ -transforms, then they also satisfy (|2.3p and their W [Ej^^^ -transforms. 

This is easily verified by a direct calculation. Prom this proposition, we see that it is not 
necessary to consider the bilinear equations (j2.3p for constructing a solution to the g-Painleve 

system of type Ei^K However, as we will see Section El we use the bilinear equations of type ()2.3p 



^7 

in order to get a nicer determinant formula for the hypergeometric r-functions. Then, we 
will treat all types of bilinear equations below, although the discussion becomes technically 
complicated as a consequence. 

Let us introduce the dependent variables / and g by 

n n 1,1 , 1 r\ ^(4^13)^61 7"eo-ei-e2 ~ c( — j£l3)re3re(,_e2-e3 

/ = e (gOi - gar + 4£l2 + 8<5) —J ^ .1 ^ , 

^V4^13j''e3''eo— 62— 63 4£l3j''"ei''"eo— 61-62 



/I 1,1 1 !;\ ^(4^23)''e3Tco-ci-C3 4£23)''e2''"< 

g = e (gOr - ga? + 4£i2 - g^j —j 

e(4£23)re2reo-ei-62 " e{- je23)Te3T, 



with ai = 3£i27 + 2£7g + £g9 and Ur = 3£34 + 2£45 + £56. Then, one get the explicit expression 
for the g-dif ference equations (|l.ip , a derivation of which is discussed in Appendix O 

3 A family of six-dimensional lattices and the bilinear equations 

As a preparation for constructing the hypergeometric r-functions, we decompose the lattice M^'' 
into a family of six-dimensional lattices according to the value of the symmetric bilinear form 
with the coroot vector egg = eg — eg; 

M^' = ]J Mn, M„ = {A G M^' I (A, egg) = n}. 

Parallel to this decomposition, let us consider the orthogonal complement of £gg in the root 
lattice Qi^Ey^^y Then we get the root lattice Q[D^^^ corresponding to the Dynkin diagram 
£127 

£45 

£12 £23 £34 T £56 



S - £567 
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Since we have £127 + £12 + 2e23 + 2634 + 2^45 + £55 + (5 — £567) = S, the same 6 denotes the 
null root of (5(Dg^^). The corresponding simple reflections generate the affine Weyl group 

W{D^q^) = {si27, S12, S23, S3i, S5Q, ss-ssei)- Note that the finite Weyl group W{De) = 
(si27,'Si2,S23,S34,S45,S56) includcs the symmetric group = (si2, S23, S34, S45, sse) as a sub- 
group. In this realization, an automorphism of the above Dynkin diagram can be expressed by 
P = 7rsi57Si68S24'S26'S35S79 whosc action on the simple roots of Q[D^^) is given by 

p : £12 ^(5- £567, £127^*^56, £23^^45- 

The extended affine Weyl group W{d'^^) = (si27, •S12, S23, •S34, S45, sse, s^-eggy, /o) acts transi- 
tively on each M„,. Regarding the translation operators, we have T^r, Tijk G W[D^^) for 

i, j,k ^ C = {1,2, ... , 6}, which can be expressed in the form Tq, = pw, w E VF(Z)g^^). 

According to the location of the lattice r-functions, one can classify the bilinear equa- 
tions (j2.2p into the following four types: 

(A) ^ : Two on each of Af„„i, Af„ and M„+i, respectively. 

(B) ^ : Four on M„, and one on Mn+i and M„_i, respectively. 

(C) „ : Three on Mn+i and M„, respectively. 

(D) „: SixonM,. 

The bilinear equations of type (C)^ are further classified into two types. The first one is that 
all of three r-functions on M^+i belong to (or M^), which is denoted by (C)^^. The second 
is that one of three r-functions on M„_|_i belongs to (or M^), denoted by (C)^. Typical 
bilinear equations are given by 

(^)o [^Sgl'^Cj-'^eo-ei-ej = [^ij^lTcsTco-ei-es ~ [^jjal'^cg "^eo-ei-eg ; 

(-^)o \^7^]'TcjTco-ei-ej = [^ij&]Te-jTf.Q-e^-cy — [£jj7]regreo-ei-e8 , 

(C)q [£jfc]rcgr2co-Ci-ej-efc-eg-e9 = [£ifc8]''co-Cfc-cg'7eo-ei-ej ~ [£ij8]''eo-ej -egTeo-ei-ej. ) 

(C)q [£jj]reg_Ci-Cj''eo-efc-e9 + (^j j'l ^)-Cyclic = 0, 

(I-')o [^ifc]''e7''eo-ei-e7 = {^ikll'Tcj'TcQ-ei-ej ~ [£ij7]''cfc'7eo-ei-ej. (3-1) 

for mutually distinct indices i,j,k G C. The bilinear equations (|2.3p are also classified in a similar 
way into four types, each of which we denote by (A)^, (B)^, (C)^ and (D)^ to distinguish them 
from the bilinear equations (|2.2p . Typical equations are given by 

(A) o [£73] [5 - £569]T-e9'r2eo-ei-e2-e3-e4-e9 + (7, 8, 9)-Cyclic = 0, 
(1^)0 [£fcz]''es''"2eo-Ci-Oj-efe-ei-e8 

(C) o [£ij][£ij9]re^rco-Cfe-e9 + {hj, fe)-cyclic = 0, 

(D) o [eij\[£ki]TijTki + A;)-cyclic = 0, [£ij\[£ij7]TkTk7 + fc)-cyclic = (3.2) 

for mutually distinct indices i,j,k,l € C. The bilinear equations (j2.4p are also classified into 
the type (A)5^, (B)^, (C)^ and (D)^^. Typical equations are given by 

("^)o '''e8''"2eo— ei— 62— 63— 64— eg '''69'''2eo— 61— 62— 63— 64— 69 ~l~ [(^ ~ £567] [£89] '^C'es'Teg = 0, 

(B) q reireo_e;-67 — Te^Teg-ej-er + [£ii][£jj7] '^L''"eg''"e9 = 0, 

'''68T260— 61—62—63— 64— eg T'eo- 61— O2''"eo— 63— 04 [£l28] [£348] ^^C'es'^eg ~ 0) 

(C) o Te^rgQ-ei-eg ~ ^ej Teo-ej -69 + [£ij][£ij9] diTc^Tcg = 0, 

(-^)o '''60—61— 64 '''60—62— 63 '''60—61— 63 '''60—62— C4 ~l~ [£12] [£34] '^C'''c5''e6 ~ 

for mutually distinct indices i,j € C. 
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Lemma 3.1. Any bilinear equation of type (A)q can be obtained by an action of W(^D^^^ on 
the first equation of (j3.ip . Also, we have a similar situation regarding each case of type (B)q, 
(C)q, (C)q and (D)q, respectively. 

Proof. Any lattice r-function on Mi can be transformed to Teg by an action of W(^D^^Y 
Searching for A E Af„i such that (A + 63, A + 68) = 0, we find that the lattice r-functions 
on M_i which can pair with Teg are Tco-Ci-cs,T2co~c,-cj-Ck-e7-e8 and Tc+a+eg-er for mutually 
distinct indices i,j, k (z C. Any of them can be transformed to Teo-ei-eg by an action of ^(-06)- 
Since Tog is invariant under the action of W{Dq), we find that one of the pairs of the lattice 
r-functions in a bilinear equation of type (A)o can be transformed to TcgTeg-ei-es by an action of 
W{D^Q^). Note that three pairs of the lattice r-functions in a bilinear equation have a common 
barycenter. Therefore, the bilinear equations of type (A)o including the term Te^TeQ-ei-es are 
reduced to 

[^89]TejTeQ-ei-ej = [£ij9]TegTeo-ei-e8 ~ l^ijslTegTeQ-ei-eg i 
[esgl'^eT'Teo- 6,-67 = [^79]TesTeo-e,-es — [^lajTegTe^-ei-eg , 

which are transformed by the action of the Dynkin diagram automorphism p € Ty(-Dg^^) to each 
other. The proof for the other types of bilinear equations is given in a similar way. ■ 

From this lemma and similar consideration for the bilinear equations (j3.2p and (j3.3p . we 
immediately get the following proposition. 

Proposition 3.1. Fix n € Z. 

1. All the bilinear equations of type (A)^ can be transformed by the action ofW(^D^^^ to one 
another. Also, we have a similar situation regarding each case of type (B)^^, (C)^, (C)^ 
and (D)^, respectively. 

2. All the bilinear equations of type (A)^ can be transformed by the action of M^(Dg^^) to 
one another. Also, we have a similar situation regarding each case of type (B)^ and (C)„, 
respectively. The set of all the bilinear equations of type (D)^ is decomposed to two orbits 
by the action ofW(^D^^). 

3. All the bilinear equations of type (A)^ can be transformed by the action of Wi^D^^^^ to 
one another. Also, we have a similar situation regarding each case of type (C)^ and (D)^, 
respectively. The set of all the bilinear equations of type (B)^ is decomposed to two orbits 
by the action 0/ H^(L'g^'') . 

Let us discuss the relationships among the above types of bilinear equations. 

Proposition 3.2. // the lattice r-functions satisfy all the bilinear equations of type (B)^, then 
they also satisfy those of type (A)^; that is, 

1- (B)„ (A)„. 
Similarly, we have 

Moreover, if t/^ ^ for A S M„_i, we have the following: 

3. (C)|,„i ^ (D)„. 

4. (A)„, (C)^_, ^ (C)^. 
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Proof. It is sufficient to verify the statement for a certain n € Z. The first and second 
statements are easily verified for the case of n = 0. 

3. (C)g =^ (D)^. Let us consider the following bilinear equation 

[£23]''e4''"2eo-e2-e3— 64— 65— eg = [£349]''eo— 62— eg'^eo- 63-65 ~ [£249]''eo—e3-e9 ''60—62—65 

of type (C)o. Multiplying this equation by Teo-d-eg and summing up its (1, 2, 3)-cyclic permu- 
tations, we get a bilinear equation of type (D)i. 

4. (A)q and (C)'_^ =^ i^Yo- Let us consider the following bilinear equation of type (C)'_i 

[£jfc]''e9''"26o-6i-ej-6fc-68-eg = [^ikdl'^CQ-ek-esTeQ-ei-ej ~ [^ijdlTeo-ej-esTeo-ei-ek- 

Multiplying both right and left-hand sides by Tog and using the first equation of (jS.ip . we get 

Teg X [ejfc]regT2eo-ei-6j-6fe-eg-6g 

= Teo-ei-e, X {[EikSiTegTeo-e^-eg + [esgjTeiTeo-e.-e^) - {j ^ k} 

= Teg X (^[eik8]Tco-ef,-egTeQ-ei-ej — l^ijslTeo-ej-egTeQ-ei-ef,) : 



which is equivalent to the third equation of ()3.ip . ■ 

Also, by not difficult but tedious procedure, we get the following propositions. 

Proposition 3.3. If the lattice r-functions satisfy all the bilinear equations of type (B)^, then 
they also satisfy those of type (A)^; that is, 

1- (B)f. ^ {At 
Similarly, if t\ for A G Mn-i, we have the following: 

2. (A)„, ^ {C)t 

3. (C)Li, {C)ti (D)n, 

4. {C)U, (C)Ui, (B)„ ^ {Bt 

Proposition 3.4. // the lattice r-functions satisfy all the bilinear equations of type (C)^, then 
they also satisfy those of type (C)^; that is, 

1- (C)L => (C)L. 

Similarly, we have 

2. (B)'„ ^ {At. 

Moreover, if t/^ ^ for A S M„_i, we have the following: 

3. (C);„i, (D)„ ^ (D);, 

4. (B)'„, {Ct_, ^ (B)„. 
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4 The construction of the r-functions on Mq 

Hereafter, we construct the hypergeometric r-functions for the g-Painleve system of type E^^^ 
by imposing the following boundary condition 

TA„i = for any A_i G M_i (4.1) 

and TAo 7^ for any Aq G Mq. In this section, we discuss the construction of the r-functions on 
the lattice Mq. 

First, let us consider the following bilinear equations of type (A)o, (A)q and (A)q 

[£89]TejTeo-ei-ej = [^ijolTesTeo-ei-es ~ [^ijslTegTcQ-ei-ec, {hj £ C)i 

[e7s][6 - e569]regr2co-ei -62-63-64-09 + (7, 8, 9)-cyclic = 0, 

— ^b^lW^S'Adc'Te^'TeQ + Te^T2eQ-ei-e2-e3-e4,-es — TeQT2eQ-ei-e2-e3-ei-eQ =0. (4.2) 

The boundary condition (j4.ip leads us to 

[e89]=0 ^ e89 = wGZ- (4.3) 

All the bilinear equations of type (A)o, (A)q and (A)q hold under the conditions (|4.ip and (j4.3p . 
since they can be obtained by the action of l^(Dg^'*) = (si27, •512, • • • > •S56, s^-g^g^, p) on (j4.2p and 
the coefficient [em] is P^(L'g^^)-invariant. 

Under the boundary condition (j4.ip . the bilinear equations of type (B)o, (B)q and (B)q are 
expressed in terms of the lattice r-functions on Mq. Typical equations of these types are given by 

[£fci]TegT2eo-6i-ej-efe-6;-68 = [^i/s] [£jfc8]''eo-6i-efcT6o-6j-e; ~ {ejls\\^iks\Te(,-ej-e,^TeQ-ei-ei-, 
'Tei'Teo—ei—e7 ''"ej ''"eo— 6j— 67 ~l~ [^ij][^ij7] f^L ''"eg ''"eg — 0, 
'''es'''26o— 61— 62— 63— 64— eg ^60- 61— e2'''eo— 63— 64 — [^128] [^348] '^C'''e5 ^ee 

for mutually distinct indices z, j, k,l C. These are reduced to 

[^79]TejTeQ-ei-ej = [£ij9]''"67''"6o-6i-e7 ; Te^ 7eo-6i-67 = Te^ 7eo-6j-67 ; 

TcQ- 61— e2''eo— 63— 64 + [£129] [£349] dcTe^Tes = (4.4) 

and 

[eil9][£jk9]Tco-Ci-CkTco~Cj~ci = [ejl9][^ik9]Tco-Cj-c,,Tco-ei-ei (4-5) 

due to the conditions (j4.ip and (j4.3p . Obviously, the equation (j4.5p can be derived from the 
third equation of (j4.4p and its Sg-transforms. Also, it is not difficult to see that all the bilinear 
equations of type (D)o, (D)q and (D)q can be derived from the equations (|4.4p and their W(^D^^^- 

transforms. Then, it is sufficient to consider the equations ()4.4p and their ^1^(1)0^^) -transforms 
for constructing the hypergeometric r-functions on Mq. 

Let us consider a pair of non-zero meromorphic functions {G{x), F{x)) satisfying the diffe- 
rence equations G{x + 5) = e [x] G{x) and F{x + 5) = G{x)F[x) with a constant e G C*. When 
lm.5 > 0, a typical choice of such functions is given by 



G{x) = ^ \ ' ' ^ F{x) = e (-1(10) (^;'?>9)oo, 
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where u = e{x), q = e{6), {u]q,q) = H ~ uq^^^) and e = —1. For other choices of 

i,j=0 

{G{x), F{x),e), see Appendix in [H]. In what follows, we fix a triplet e+) with 

a constant factor e+, namely we have 

G+{x + 6) = e+[x]G+ix), F+{x + 6) = G+ix)F+{x). (4.6) 
Also, we introduce a pair of functions (G_ (x), -F_ (x)) by the relations 

F^{x) = F+{26 + uj-x), G-{x)G+{6 + to - x) = 1. (4.7) 
Note that these functions satisfy the difference equations 

G-{x + S) = e4x]G-ix), F_{x + 6) = G-{x)F_{x) (4.8) 
with e_ = (-l)'^+ie+. 

Moreover, we consider a triplet of functions {A+{x) , B+{x) , C-^-{x)) defined by the difference 
equations 

= e{ax + a), 
= e{ax + b), 

e{-ax + c), (4.9) 



A+{x + 6) A. 


f(x 


-6) 


A+{x)A- 






B+{x + 6)B^ 


.{x- 


-6) 


B+ix)B^ 


.{x) 




C+{x + S)C+ 


{x — 


6) 


C+{x)C+ 


(x) 





where a, b, c and a are the complex constants satisfying e{2a6 + 4b + 2c) = (—1)'^+^ and 
(—1)'^'^^ e^e{au} + 2a) + dc e{5b + 3c) = 0. A typical example of such functions is given by 
A+{x) = e((5a('^/3+^) + a^^^*^)). Also, we introduce the functions A-{x), B-{x) and C_(x) by 
the relations 

A-{x) = A+{25 + UJ - x), B-{x) = B+{26 - x), C-{x) = C+{25 - x). (4.10) 
Definition 4.1. For each Aq G Mq, we define the twelve functions T|^'^^(e) (a G C) by 
Tl^;^\e) = F±{e-r9 + ((erg, Aq) + 1)5) J] ^±,w(%-9 + ((e^g, Ao) + 1)5) 

iJeC;i<j 

X ^±(e7g + ((e7g,Ao) + 1)5) JJ ^^^w (e^j-g + ((e^j-g, Aq) + 1)5) 
X JJ e±(eia7 + ((eia7,Ao) + l)5)S±(e..a + ((eia,Ao) + 1)5) 

xC±{eaa7 + {{eaa7,Ao) + 1)5), (4.11) 



where k^j^ is the sign factor defined by k^^^ = (— l)tt({*'j}'~'{'^}) and Ca = C\{a}. 
Theorem 4.1. The action oJW^d'^^^) on the functions Tj^^^\e) is described as follows: 

1. For any translation operator T € W[D^^), we have t!^'\J (s) = T\o^\'^(^))- 

2. For any permutation a S Sg; we have '^^'ao^'^^ (^) ~ ''"Ao'^^('^(^))' 

3. Take two mutually distinct indices i,j £ C. 
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(o) //a ^ {i,j}, then T^^fi^{e) = T^^^^\sij7{e)). 

(6) If a £ then T^^'^j^ (e) = Tj^'^\sijY{e)), where b is an index such that {a,b} = 

4. The action of the central element Wc S W{Dq) is given by t^'^'Xo(£) = '^Ao'^^(^c(e))- 

Proof. The first and second statements are obvious from the definition of r^"'^'*(e). The third 
statement is guaranteed by the relations (|4.7|) and (|4.1U|) . Since we have 

Wc - £79 (5 + W - £79, £ijg 5 + UJ - Eijg {i,j G C), 

one can verify the fourth statement by using the relations (j4.7p and (j4.10p . ■ 

Remark 4.1. The central element Wc G W{Dq) can be expressed by Wc = si2'Si27'S34S347S56S567. 
It is easy to see that we have Twc = WcT~^ for any translation operator T € W{Dq^^). 

Let S be a label set defined by S = {(a ; e) | a G C, e = ±1}. By using the difference equa- 
tions (14. 6p . ()4.8p and ()4.9p . one can verify that the family of functions {t'i!^^ {e)} Kq&Mo for each 
label Tj G S satisfies the bilinear equations (|4.4p . Also, the set of the functions {t^q^s) \r] £ S, 

Aq G Mq} is consistent with respect to the action of VF(Dg^^) in the sense of Theorem l4.1[ Then, 
we have the following theorem. 

Theorem 4.2. For each label r] £ S, the family of functions {t^^^ (e)}AoeMo defined by (|4.1ip 
satisfies all the bilinear equations of type (B)q, (B)q, (B)q, (D)q, (D)q and (D)q under the 
conditions (j4.ip and ()4.3p . 

Before discussing the construction of the hypergeometric r- functions on M„ for n G Z>i, we 
mention those on M„ for n G Z<o. 

Lemma 4.1. For any fixed n G Z<0) we have T\^{e) = for any A„ G M„ under the condi- 
tions g3]) and 



5 The construction of the r-functions on Mi 

In this section, we construct the hypergeometric r-functions on Mi. We find that a class of bilin- 
ear equations for the lattice r-functions yields the contiguity relations for the g-hypergeometric 
function gW^ [51 H]. As is well-known, the g-hypergeometric function §1^7 possesses the W{D^)- 
symmetry [13]. From that, we can construct a set of twelve solutions corresponding to the coset 
W{Dq)/W{D5), and describe the action of W{D^^) on the set of solutions. 



5.1 The q- hypergeometric function and its transformation formula 

Fix a complex number q with < jgl < 1. Let us consider the basic hypergeometric function 
sWj = 8^^7(00; oi, . . . , as; g', z) defined by (|1.2p . It is well-known that this function admits the 
transformation formula [U [1] 



8^7(00; oi, 02, 03, 04, 05; q, z) 



/ gap gap i^"-p g^°o 

I 04 ' as ' 010203 ' 0102030405 ' ^ 



X 



VF7f^^;^,^,^,a4,a5;(?, ^) , 

' ' \^aia2a3 ' 0203 ' 0103 ' 0102 ' ' ^' ^' 0405 J ' 
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which can be expressed by the following identity 

5 

{q^al/aia2a^aia^;q)oo W (qao/ak; q)oo 

8^^7(00; ai, . . . , 05; g, z) 

(gao;g)oo 

5 

(5^0^/0102030405; g)oo n (9«o/afc;g)oo 
= T-^ sWjiaoiai,. . . ,a5;q,z) 

{qao;q)oo 

with respect to the coordinate transformation 

00 = 900/010203, 

01 = 500/0203, 02 = 500/0103, 03 = 500/0102, 
04 = 04, 05 = 05. 

In this form, the function is manifestly invariant under the permutation of the parameters 
oi, . . . ,05. 

Assume that lm6 > 0. We relate the variables Oj to Sj by 

00 = e((5 - £669), Oj = e((5 - ejgg) = 1, 2, . . . , 5), q = e{5). (5.1) 

Since the action of S457 S W{Dq) = {si2, S23, S34, S45, S56, S127) on the variables Oj is given by 

S457 : oo 1-^ 50o/"i"2a3, 

011-^500/0203, 021-^500/0103, 031-^500/0102, 
04 I— > 04, 05 I— > 05, 

we see that this action leads us to the above transformation formula for sWj. 

Let us introduce the function ^'-^•'(e) that is invariant under the action of the symmetric 
group 65 = (si2, S23, -834, S45) C ©6 and satisfies 

, 9+(e459)9+(2'5-e669) U g+(,S + uj - Siaj) 

A^^^Ke) 9+(£79)5+(2'^ - £669 - £457) n 5'+('5 + w - £j6)' 

i=4,5 

where g+(x) is given by G+(x) = ^ ^ with u = e(x) and 5 = e(S). The relation (15. 2p means 

(w;5)oo 

that the function ^"^^ — feeg)^ j-r — ^ ^^(6)^^'j jg invariant under the action of S457. 

5+ (£79) i^ce 9+{o + - eid) 
Then, we see that the function 

,^'He)^±^^j^ n G-(£„6)1>(^)(£), (5.3) 
where ^^^\e) = 3^^7(00; oi, 02, 03, 04, 05; 5, z), is invariant under the action of the finite Weyl 

group W{D5) = (S12,S23,S34,S45,S127) C W^Dq). 

5.2 The contiguity relations for 

It is also known that the 5-hypergeometric function = gWy satisfies the following contiguity 
relations [5l [I] 

5 

n (1 - 500/aioj) 



(01 - 02)(1 - Z)<I>(6) = 01^=^- <J>('li^a,/5 

1 — 500/ai 
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5 

n (1 - qao/a2ai) 



(a2 - ai)(l - ao/aia2)^^^^ = (1 - - ao/ai)$(^) la^^gai 

-(l-a2)(l-ao/a2)$(^)| (5.5) 



5 

n(l - ao/ai) 



(1 - ao/ai)(l - = -^47 77 ^^^^^(-) 



5 

n (1 - gao/aiOi 



5 

(1 - gao)(l - g^ao) n(l-ai) 
_ $(6) = ^-1^ _ ^(6)(^^^ ^5 7) 

(1 - ao/ai) n (1 - ^oo/ai) 
j=i 

where ^>(^)(±) = ^^^^lao>-»g±2ao,ai^g±lai,...,a5H-»g±ia5- _ 

Noticing that the action of translation operators Tii G W[D^^^ [i G C) on the variables Oj 
(i = 0, 1, . . . , 5) is given by 

Tj7 : aj 1-^ q~^ai, Tq7 : qq 9~^«o, '-^ {i G Ce), 

we see that the contiguity relations (j5.4p and (j5.5p can be rewritten as 



n [^jra] n [^fcw] 

{-ir[e,,][e,,] = ^^^^^^^n?.r(e)) - ^^^f^^^^H^^rC.)) (5.8) 

and 

[e,fc][e,fc9 - S] $(6)(e) = [e.gg - 5][e,e]^^'\Tr,\e)) - [skm - 6][eke]^^'\f-\e)) , (5.9) 
respectively, for j,k € Cq. Similarly, the contiguity relations (15. 6p and ()5.7p are expressed by 

n [^fc/g] 

(-l)-[e.6][e.69][e79]1>(^)(e) = i^|^i^^$(6)(r,7(6)) 



[(5 — e669][— £669] 

and 



^^'\n7{e)) (5.10) 



[36 - £669] [2(5 - £669] H [^^69 " (5] 

$(6)(,) = c(6)(f^-/(.)) [.,6] n [eiT-T "^^"'i^^rHe)), (5.11) 

respectively, for k £ Cq. 

Let us introduce the function ^^^\e) by 

n Tr^,^''H^)=^''H^)^^^^7^ n G-(£.6)<i>(^)(£), 
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where the right-hand side is the VF(Z)5)-invariant function (j5.3p . We see that the function \I'*-^'(e) 
is Ss-invariant and satisfies the relation 

n G+(ei,-9) n G„(e,69)G+(e459)*(')(5457(e)) = G'+(e79)*('^(e). 

ije{l,2,3};i<j j=l,2,3 

Suppose that the correction factor fj,^^\e), introduced in the previous subsection, satisfies the 
difference equation iJ,^^\TiT{e)) = (—1)'^ fi^^^e) {i G C). Then both of the contiguity rela- 
tions dESl) and (ICTl yield 

for j, k ^ C. Similarly, we see that (j5.9p and (|5.1ip are reduced to 

/ec\{j,fc} i(iC\{j,k} 

for j. A; G C. It is easy to see that the function ^'(°)(e) (a € Ce) defined by = ^'(^)(sa6(e)) 

satisfies the same contiguity relations as those for ^^^\e). 

Proposition 5.1. Each of the functions ^'^"^(e) (a G C) satisfies the contiguity relations 

{-ir+\l[e,,][e,k,]^^-\e) = ^^''\%,{e)) - ^^''\n^{e)), (5.12) 

= n [em - 6]^^''\T~,\e)) - J] [e ,m - 5]^^''\fr^\e)) (5.13) 

ZGC\{i,fc} «6C\{i,fc} 

/or mutually distinct indices j,k G C. 

Here, we give a remark on choice of the correction factor i^i^^\e). The function ^''^^(e) in the 
form 

9+{e79) n 9+{^ + UJ - EiQ) 

;,(6)(e) = ^{6)(e) 



g+{26 - £669) 

where i'^^\e) is a Vl/^(D5)-invariant function, is manifestly ©5-invariant and satisfies the rela- 
tion (j5.2p . Due to g^{x+6) = —e+e{—^x)g^{x), what we have to do is to find a VF(L>5)-invariant 
function z^(^)(e) satisfying the difference equations 

i^^'\f„{e)) = i-ire-^e {^{sj, - e^e + 6 + a;)) z.(6)(e) (i e Q), 

i.(6)(r67(e)) = (-l)"6+e (ie669) i^(')(e). (5.14) 
It is easy to see that the function i/^^\e) in the form 

i/(6)(£) = ipi{e7g) Vi{eij9) Yi + ^ - ei69) Yl ^2ieie7)(p2{ei6)v3{em7), 

iJ&Ce ; i<j i£Ce, i&Ce 

where (pi{x) {i = 1,2,3) are arbitrary functions, is VF(D5)-invariant. When ^pi{x) {i = 1,2,3) 
satisfy ipi{x + 6) = e{aiX + Pi)(pi{x) with 03 = 2ai — a2, 8ai + 4a2 = 1 and e^^e((ai — 02)6 + 
a2UJ + (— 4/?! + 5/?2 + Ps)) = 1, the function v^^^e) satisfies the difference equations (j5.14p . 
A typical choice of them is given by ipi{x) = e{ai6{^^^) + Pix/S). It is possible to determi- 
ne fJ.^^\£) according to the choice of the functions (fi{x) {i = 1,2,3) and Gj^{x). We have 
proposed some examples of the functions G+(x) and Fj^{x) in Appendix of [11]. 
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5.3 Twelve solutions 

Hereafter, we denote ^("^(e) by ^'('^'"'"^(e). Since the action of the central element Wc G W{Dq) 
on the variables ai (i = 0,1,..., 5) is given by Wc{ai) = q/ai, the application of Wc to the 
contiguity relations (j5.12p and (j5.13p leads us to 



el 



i(iC\{j,k} iec\{j,k} 
where ^^"■'^\e) = ^^"•'^\wc{£))- Let us introduce the function ^'('^'"^(e) by 

n G+{e,a9) n G.isijg) 



G-{e79) 

where the functions A'_^_{x), B'_^_{x) and C'_^{x) are expressed in terms of A+{x), B+{x) and C+(x), 
introduced in the previous section, by 

, _ A+i26 + iJ-x) _ B+i-x) , _ C+{-5-x) 

^" A+{8 + u;-x)' ~ B+{25 - xY C+{36-x)- 

When we set dc = di = (— l)'^e^, the factors £^"-'^\e) and G^'^'~^\e) satisfy the difference 
equations 

for i G C, and we get e{2a6 + 4b + 2c) = (-1)'^+^ and e{auj + 2a) = e(5b + 3c). Thus, we find 
that each of the functions ^'('^'"^(e) satisfies the contiguity relations 

e-Ae,k][e79 - 5]¥'^-'-\e) = J] ^9 - 6]¥--'~\f~; (e)) 

l(^C\{j,k} 

- n [eji9-6]¥^-'-\f-\e)), 

l<^C\{j,k} 

which are the same as those for ^'("'+)(e). 

Theorem 5.1. Each of the twelve functions ^{e) = ^'^°'^^(e) gives rise to the solution of the 
contiguity relations 

(-l)-+i62 [e,fc][e,fc9]^(e) = *(T,7(£)) - ^{nrie)), 

e^%k][e79-S]^{e)= J] [eki9 - S]^{T^,\e)) - J] [eji9 - S]^{f7^\e)) 

iec\{j,k} iec\{j,k} 

for mutually distinct indices j,k € C. 
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From these contiguity relations, one can get the g-hypergeometric equation of the second 
order. The functions ^("'^^(e) coincide with the twelve pairwise linearly independent solutions 
to the q-hypergeometric equation constructed by Gupta and Masson [2]. 

Furthermore, we introduce the function £^°''~\e) by 

£(-'-){e) = A'_{e79) H A'^{e^jg) H AL{S + u; - e.^g) J] B'_{eia7)B'_{e,a)C'_{eaa7), 

where A'_{x), B'_{x) and C'_{x) are defined by A!_{x)A!^{5 + oj — x) = 1, B'__{x)B'j^{—x) = 1 and 
C'_{x)C'j^[—x) = 1, respectively. By construction, we have the following proposition. 

Proposition 5.2. The action ofW{DQ) on the functions ^'("'^^(e) is described as follows: 

1. For any permutation u G Sg, we have ^^"•'^\a{e)) = "^^'^^'^^'^^e). 

2. Take two mutually distinct indices i,j G C. 

(a) Ifa^ {ij}, then 



= ___ _ TT-, ^^^'^^^^ 



k,iec\{i,j,a}; k£C\{i,j,a} 
k<l 



G±{eijg) n G±{eki9) Yl G=p(efca9) 
(6) Ifa£ {i,j}, then 

k,l£C\{i,j};k<l 

where b is an index such that {a,b} = 
3. The action of the central element Wc G W{Dq) is given by 

n G±ieia9) n G^iEijg) 

G^:{eYQ) 

The set of twelve functions 'if^"''^\e) corresponds to the coset W {Dq) /W (D^) , as we will see 
below. Note that \W{De)/W{Dr,)\ = 12. 

5.4 The T-functions on 

Here, we construct the functions TAi(e) (Ai G Mi) on the basis of the discussion in the previous 
subsections. The bilinear equations to be considered are of type (C)o, (C)q, (C)o, (D)i, (D)'i 
and (D)f , since the functions rA(,(e) (Aq G Mq) are already known. 
It is easy to get the following lemma. 

Lemma 5.1. If the lattice r-functions satisfy all the bilinear equations of type (B)q and (C)q 
under the boundary condition ()4.ip . then they also satisfy those of type (C)q. 

From this lemma, we see that it is sufficient for constructing the hypergeometric r-functions 
on Ml to consider the bilinear equations of type (C)q. 



Hypergeometric r-Functions of the g-Painleve System of Type 17 
Definition 5.1. For each Ai E Mi, we define the twelve functions 

rit;^\e)=Af^^;^\e)^^^;^He), (5.15) 
where A/"^"'^^ (e) is given by 

J\fjC;^\e) = F±(e79 + ((679, Ai) + 1)^) TT ^+.('')(%-9 + (e*j9, Ai)5) 
X ^±(e79 + ((e79,Ai) + l)(5) 

X >i±(eii9 + ((eij9, Ai) + IjiJ) A^{eia^ + (eia9, Ai)(5) 

X i3±(eia7 + (eia7, Ai)(5)^±(eja + (eia, Ai)(5) 

X C±{eaa7 + ((eaa7, Al) - 1)(5), 

and ^'i"'^^(e) = ^'('^^^^(e + (e, Ai)<5). 

Theorem 5.2. T/ie action ofW(^D^^^ on the functions r|^'^''(e) is described as follows: 

1. For any translation operator T G W[D^^^, we have T^f"'^^ (e) = r|^'^^(T(e)). 

2. For any permutation o" G Sg, we /iaue ''"^'^j^'^H^) = ''"a"'^^('^(^))' 

3. Ta/ce two mutually distinct indices i,j € C. 

(a) //a ^ then T^^^^{e) = T^^;^\sij7{e)). 

(6) If a £ then t^^'^]^ (e) = T\'^\sij7{£)), where b is an index such that {a, 5} = 

4. The action of the central element Wc G W{Dq) is given by t^"'X|(£) = '^a^'^^(^c(£))- 

Proof. The first and second statements are obvious from the definition of Tj^'^\e). The third 
and fourth statements are guaranteed by Proposition 15.21 and ()5.15p . ■ 

Corollary 5.1. For the particular element eg G Mi, the set of twelve functions 

Tef (^) = F± (£79 + 6) n ^i.t;) (^^i9) 

X ^±(^79 + S) n ^±(eij9 + ^) n -^Ti^iad) 
i,jeCa;i<j i&Ca 

X n B±{eia7)B±{eia) X C±(eaa7 - 5)^('^'^)(e) 

is stabilized by W{Dq^. For each label (a;±) G S, the isotropy subgroup of Te^'^\e) is isomor- 
phic to W{D5); 

rS'^\w{e)) = rif ±)(e), w € WiD^) = {su, S23, S34, S45, S127) 

for instance. 

^Note that es £ Mi is W(D6)-invariant. 
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Let us consider the bilinear equation of type (C)g 

TeiTeg-ei-eg ~ TeQ-ej -eg + [^ij][£ij9]d'LTc'fTcg = (5.16) 

for mutually distinct indices i,j € C. Substituting (j4.1ip and (j5.15p into (j5.16p . we get for 
^(a;±)^^'j ^j^g linear relation 

Similarly, the application of the central element Wc G W{Dq) to the bilinear equation (j5.16p 
leads us to 

iec\{j,k} 
iec\{j,k} 

for mutually distinct indices i,j G C. These are precisely the contiguity relations in Theorem l5.11 
Also, the set of functions {tj^'^ (e) {t] G S,Ai G Mi} is consistent with respect to the action 

of W{D^Q^) in the sense of Theorem 15.21 Therefore, we have the following theorem due to 
Propositions 13.21 13.31 13.41 and Lemma 15.11 

Theorem 5.3. For each label rj G S, the family of functions {T^^''(2;)}AeJ\/o U A^i defined by (|4.1ip 
and (|5.15p satisfies all the bilinear equations of type (C)q, (C)q, (C)q, (C)q, (D)'^, (D)^ and (D)'j^ 
under the conditions (j4.ip and (|4.3p . 

Remark 5.1. From this theorem, we see that the bilinear equations of type (C)q, (C)q, (C)q 
and (C)q imply the contiguity relations for the g-hypergeometric function sWj. Also, we get the 
quadratic relations for gWy from the bilinear equations of type (D)^, (D)i and (D)^ 

Remark 5.2. From the result in this section, one can get an explicit expression for the so-called 
Riccati solution to the system of g-difference equations (jl.ip . in terms of the functions r^'J^(e). 
When the label G 5 is fixed, one can express 6j (i = 1, 2, . . . , 8) and t in terms of the parameters 
of the g-hypergeometric function s^T- On the other hand, another expression for the Riccati 
solution has been proposed in [lOj . which is constructed under the condition 6163 = 6567; that 
is, £358 G Z. Comparing this with the condition (j4.3p . we find that these two expressions can be 
transformed to each other by a Backlund transformation. 



6 A determinant formula for the hyper geometric r-functions 

One of the important features of the hyper geometric solutions to the continuous and discrete 
Painleve equations is that they can be expressed in terms of Wronskians or Casorati determi- 
nants [U [T2I [71 O [16]. In this section, we show that the hypergeometric r-functions on M„ 
(n G Z>2) are expressed by "two-directional Casorati determinants" of order n. 

Let us introduce the auxiliary variables Xi (i = 0, 1, . . . , 6) by xq = 5 — eys and Xi = ^eug 
{i G C), where we have xq + xi + ■ ■ ■ + xq = 26 + 2u:. Under the conditions (|4.ip and (j4.3p . 
the functions T\{e) depend on Xi (and uj). In what follows, we denote the hypergeometric 
r-functions by tx{x) instead of by T/^{e) for convenience. Also, we denote a function f^'^\x) 
{rj G S) by f{r];x). 

For each n G Z>o, we define the twelve functions Kniij^x) = K^'^\x) by the following 
"two-directional Casorati determinants" 



K2m {v;xo + ^6,x^ + ^6) 



-(m-l)5{j=l, 2,3,4) 
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= det (^(6 — m,m + 1 — b,a — m,m + 1 — a))^™^-^, 
K2m+i (f?; xq + m6, Xi + ^6) 

Xi>—>Xi—m5 (i=l,2,3,4) 

= det {^{b — m — l,m + 1 — b, a — m — l,m + 1 — a))'^^^, 



where ^'(mi, m2, ms, m4) = "^{r]; x)\^^^^^+rn,5 {i=i,2,3A)^ and ^{r];x) is the hypergeometric func- 
tion multiphed by some normahzation factors, introduced in Section [5.21 and [5^ The first some 
members of Kn{ri; x) are given as follows: 



Ko{x) = l, Ki{x) = ^{x), K2{xo + ^6,Xi + l6) 
Ks {xq + 5,Xi + ^6) 

where we omit the label rj ^ S for simplicity, and jv^"^) ~ ^{x) 



Xi>-*Xi-S (i=l, 2,3,4) 



^liix) ^i{x) ^\i{x) 
^l{x) ^{x) ^l{x) 
^\l{x) -^lix) -^ll^x) 



^^>-,:r,+S^^=i^,...,ir) ■ USlUg 

Xj i-^Xj-S (j=ji, ...,>) 

Jacobi's identity, one can easily see that each of the functions Kn{r];x) satisfies the relation 

Kn+i{i]] x)kI^^^'^^ (r/; xq -6,Xi- f ) 

= i^(24) ^^_l^^._5_^ ^(13) _ 1^ ^. _ I) 

^ ''^0 2' "^^ 4) '^n ^ (^i XQ 2' "^^ 4) ' 

where Ki''--'"'\r];x) = Kniv, x) \ Xi^x,+S {i=h,-,ir)- 

Definition 6.1. For each n € Z>o, we define the twelve functions Tn{i];x) by Tn{t];x) = 
Tn{ri;x)Kn{r];x). The normalization factor Tn.{iT,x) = T^f'^^(x) is given by 

X (Xo + Yl A± {x, + Xj + n (X, +Xa+ ^6) 

i,jeCa;i<j ieCa 
X S± (xo + Xj + Xa - a; - n5)0±(xa - Xj + (1 - n)(5)C±(xo + 2xa - u) - 2n6), 

where the functions F±{x), ^±(x), B±{x) and C±{x) are introduced in Section HI The factor 
c„(x) is defined by 

n-l 



Cnix) = (-1){-+1)(2)4(^) Y[[x, - X2 + 1.5] [X3 " X4 + US] 



r=l 



n-1 



n [^1 + X2 + (r - n±l) 5] ^ + X4 + (r - ^) 5] ^ 



r=l 

where Ir {r = 1,2,.. .) is the subset of Z given by Ir = {—t + 1, — r + 3, . . . , r — 3, r — 1} and 
[x + Ir5\ = n k + M]. 

Proposition 6.1. We have the following bilinear relation 
[xi - X2][x3 - X4]r„+i(r7; x)r^^_\^^^ (r?; xq - 5, Xi - |) 
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= [xi + X4 - §5] [x2 + X3 - f <5] r^24) _ 1^ _ I) ^as) _ 1^ _ I) 

- [x2 + X4 - f <5] [xi + X3 - f <5] 4^^) (r?; xo - |, - |) 4^3) _ |^ 3-. _ |) . (5.1) 

This proposition is easily verified by noticing that the normalization factor T„(?7; x) satisfies 
the relation 

[xi - X2][x3 - X4\Tn+i{ri;x)T^^'^^f^ [ri;xQ -5,Xi- |) 

= [Xi + X4 - §5] [X2 + X3 - f <5] T(24) - f , - |) T(,^3) _ |^ ^. _ |) 

= [x2 + X4 - f <5] [xi + X3 - ^6] t1^^) (7?; xo - f , X, - I) T(f3) {rj. _ |, - |) . 
Definition 6.2. For each A„ G M„ (n € Z), we define the twelve functions T\^{ri; x) by 

4") = (t;o,An) + if^, = {v,,K) + '-^ (iGC), (6.2) 

where the vectors Vi are defined by f = c — eys and Vi = ^eug {i S C) that correspond to the 
variables Xj. 

We show below that the functions rA„ (t/; x) are precisely the hypergeometric r-functions 
on Mn- As a preparation, let us define the action of W(^D^^^ on the label set S = {(a, e) | a G 
C,e = ±l}. 

Definition 6.3. We define the action of W{D^^) on the label = (a, e) € 5 as follows: 

1. The label is invariant under the action of any translation. 

2. The action of any permutation a € ©g is defined by a : (a; ±) 1— > {cr{a); it). 

3. Take two mutually distinct indices i,j S C. If a ^ then Sijj : (a; ±) 
Otherwise, we have Sijj : (a; ±) 1— > (6; =f), where 6 is an index such that {a, b} = {i,j}- 

4. The action of the central element Wc is defined by Wc '■ (a; it) 1— > (a; =f)- 
Theorem 6.1. 

1. For each i] ^ S, the family of functions {t\{i]\ x)} p^^j^.^E-j satisfies all the bilinear equations 
for the q-Painleve system of type under the conditions ()4.ip and (j4.3p . 

2. For each n € Z, t/ie action ofWi^D^^^ on the set of functions {T\^{rj; x) 1 77 S S, A^ € Mn] 
is described by Tw.K„{w{ri);x) = T\^{r];w{x)) for any w G W[D(^^). 

Let us verify the first statement. We consider the bilinear equations 

[^12 ] 34] TL™, 1 +68 TLm- 1 +2eo -ei -62-63-64-68 

= [ei48 - "1(5] [£238 - "T''^]''"L™^,o+6o-62-e4TL„,o+eo-ei-63 

- [£248 - m6][ei38 - f^^]7"L„.o+eo-6i-04T-L„,o+eo-e2-e3 (6.3) 

and 

[£12] [£34]''Lm, 2+C+689 +67 ''"im,0+C+2eo-6l -62— 63-64-68-69+67 

= [£l48 - m5][e238 - ?"<^]''"L™.,i+c+C249+e7'^-£'m,l+c+ei39+e7 

- [^248 - m5][ei38 - "T'<J]TL,„,i+c+ei49+e7'rLm,l+c+e239+e7' (6-4) 

where Lm,^„ = m{m + n)c + mesg {m € Z), which are of type (6)2^ and (By2m+n respectively. 
Substituting (|6.2|) . we see that these bilinear equations are satisfied thanks to (|6.1|) . 
In order to verify the second statement of Theorem 16. H we use the following lemma. 
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Lemma 6.1. Suppose that the functions ta„„i(??;x) and T\^{r];x) satisfy all the bilinear equa- 
tions of type (D)'^ and (C)'„_j^, and that we have the relations T^.A„-i{'w{r]);x) = Tf^^_-^{ri;w{x)) 
and Tw.\^{w{r])]x) = T\^{ri;w{x)) for any w E W{D%). Then the function T\^^^{rj\x) deter- 
mined by the bilinear equation (j6.3p or (j6.4|) also satisfies Tw,\^_^-^^{w{7]); x) = ta„+i (77; for 
any w G W{Dq). 

Proof. From the assmnption, we have the bihnear relations 

[xi - X2] [X3 - X4]r^^2) (r?; x)r^34) ^ 2, 3)-cychc = 0, (6.5) 

[X3 - X4] [xi + X5 - ^6] r^i\'') (r?; - |, x, - |) t^25)(^. 3.) + (3^ 4^ 5)-cydic = 0, 

[X3 - X4] [X2 + X5 - ^5] rii\''^ (7?; xo - |, X, - I) t;(^5)(7?; x) + (3, 4, 5)-cydic = 0, (6.6) 

and the relations t„_i(w(7?); x) = t„_i(77; u;(x)) and Tn{w{r]);x) = Tn{ri:,w{x)) for any w G 
^^(Z'e) = (•S12, •S23, S34, S45, S56, S127). What we have to do is to show that the function T„+i(7y; x) 
determined by the recurrence relation (j6.ip also satisfies 



Tn+i{w{7])]x) = Tn+i{ri;w{x)) (6.7) 

for any w £ W{Dq). It is obvious that we have (|6.7p for w = 812,534,556 and S127 under the 
assumption. Then, it is sufficient to verify (j6.7p for w = S23 and S45. Replacing x by x = S23(x) 
in the recurrence relation (|6.ip . we get 

[xi - X3][x2 - X4]r„+i(r?; x)r^i\^''^ (??; xq - 5, x, - |) 

= [xi + X4 - ^S] [x2 + X3 - f J] ^) xo - |, Xi - |) r^^^) ^^_s_^^_5_^ 
- [x3 + X4 - §(5] [xi + X2 - §5] r^^^) xq - |, Xi - |) (^; xq - |, x^ - f ) , 

where rj = S23{r]). Then, the bilinear equation ()6.5p yields Tn+i(jj;x) = r„+i(r/;x). Similarly, 
replacing x by x = S45(x) in the recurrence relation (j6.ip . we get 

- X2][x3 - X5]r„+i(r/; x)r^i\^^^ {rj; xq - 5, Xj - f ) 
= [xi + X5 - §5] [x2 + X3 - f <5] r^25) _ 1^ 3.. _ I) ^as) _ 1^ ^. _ I) 

- [x2 + X5 - §5] [xi + X3 - §5] r^^^) {v; XQ - |, Xi - I) 423) _ 1^ a-. _ I) ^ 

where r/ = 545(7?). From the bilinear relations (|6.6p . we get r„+i(r7; x) = Tn^i^rj; x). ■ 

We already have Tu].Aoiw{r]); x) = tao{v',w{x)) and Tw.Ai{w{r]); x) = TAj^{rj;w{x)) for any 
w G Vl^(D6) from Theorems 14.11 and 15. 2i Also, these functions satisfy all the bilinear equations 
of type (C)q and (D)i from Theorem 15.31 Then we have Tw.A2{w{ri); x) = taj (ry; t(;(x)) for any 
w G VF(Z)g^^) from Lemma [6.11 Applying Propositions 13. 2 1 13.31 and 13.41 repeatedlv. we can verify 
the second statement of Theorem 16.11 

With respect to the system of (?-dif ference equations (jl.ip , one can get the explicit expression 
for the hypergeometric solutions in terms of the functions Tn{r};x) introduced in Definition 16.11 
When the label 77 G 5 is fixed, one can express 6^ (i = 1, 2, . . . , 8) and t in terms of the parameters 
of the g-hypergeometric function ^Wj. For instance, in the case of 7? = (6; +) G S, we have the 
following. 

Corollary 6.1. Define the functions fn{x) and g-nix) by 

fjx)= ( g"0"4Q5 y^^^l/2 ^/,n(^) g(x)= ( "^"^"^ V ^%i/2 ^g,n.(^) 
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with 



- (as/aOi/Vl'] (xo - + |) 4^3) (xq + |<5,x, - , 
D/,„(x) = (ai/a3)i/V|5l (xo - i5,Xi + |) r^^s) (^^ + 3^^^. _ |) 

- (a3/ai)i/^T;W (xq - i<5, x, + |) r^^^) (^^ + 3^^ x^ - |) , 
A^3,n(^) = (a2/a3)^/V|^l (xo - i<5, x, + |) r^^^) (^^ + 3^^ ^. _ |) 

- (a3/a2)i/V^l (xo - 1(5, Xi + I) r^i2) (^^ + 3^^ x, - |) , 

I?g,n(x) = (a2/a3)^/VPl (xq " f^^, X^ + |) T^^^) (^^ + 3^^^. _ |) 

- (a3/a2)i/V|^l (xo - §5, X, + I) r(i3) (^o + §5, x, - |) , 

where Oo, ai, . . . , 05 are ^/le parameters of the hypergeometric function 8^7(00; cii, ■ ■ ■ ,cl5'iQ, z) 
defined by I^J^), ri.'"*^^(x) = Tn{x)\^^^^^_^_s (^^^i^^i^) and rl*^(x) = Tn{x)\x^^x,-5- Let bi^n {i = 
1, 2, . . . , 8) be the parameters defined by 



bi,n 

b3,n 



a,Qa,^a,^ 



000304 



|V4 



vV4 



(0102) ^^^(00030405)^/^, 



t>2,n 

be,n 



1/4 -3/4. sl/4 

-g'^/^Oo^''^(o30405)^/^, 
-n5/4„5/4 



Oq (0102) ^^^(030405) 3/^, 
-/2"3/4„-3/4(^^„^)l/2(„^„^„^)l/4 



and t = (01/02)^^/^. Then, f = /n(x) and (j( = gn{x) with bi = bi^n give rise to a solution of the 
system of q- difference equations p.ip . 

A The g-Painleve system of type Ej^^ 

A.l Point configurations and Cremona transformations 

As mentioned in Section [2l the g-Painleve system of type E^^^ is a discrete dynamical system 
defined on a family of rational surfaces parameterized by nine-point configurations on such 
that six points among them are on a conic C and other three are on a line L |T7]. In this section, 
we set Pi,P2,P'i,P5,P6,P7 S C and P3,ps,P9 G L so that the standard Cremona transformation 
with respect to {pi,P2,P3) is well-defined as a birational action on the configuration space. One 
can parameterize the configuration space by [iTl [9] 



X 



Ui U2 



-U3 



1 



1111 

M4 U5 Uq Uj 



Ua Ut U% W 



7 



-Us 


1 



-Ug Xi 

X2 

1 X3 



where ui,U2, ■ ■ ■ ,uq are parameters satisfying U1U2 ■ ■ - ug = q~^ {q € C*) and the tenth column 
denotes the coordinates of a general point on P^. The symmetric group &q x S3 with &q = 

(si2, S24, S45, S56, S67) and 63 = (s38,-S89) naturally acts on the space as a{uj) = Uf^{j) for any 

cr G X . 

Let us normalize X by an action of GL-^^C) as 



Y 



1 Ui4 

1 M24 
1 M34 



^^19 yi 
U29 y2 
U39 y3 
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The coordinates Uij can be expressed by 



u. 



(j = 1,2,4,5,6,7), 



y^iuj) (j = 3,8,9), 



(A.l) 



where yf{u) and yf{u) are defined by 
C/„.^ _ {U2 - u){l - U2U:>,u) 



and 



(m2 - 1il)(l - U1U2U3) ' 

(ni — ti)(u2 — u) 
(1 - U1U2U3) 

U2{uz - U) 
{U2 - Ui){l - U1U2U3) ' 
1 — U1U2U 



{ui — n)(l — U1U3U) 

(Ui - U2){1 - U1U2U3)'' 



y2iu) 



Ui{u3 - u) 



(ui - U2){1 - U1U2U3)' 



1 - U1U2U3 

respectively. We further normahze X (or Y) by an action of PGL3{C) as 



Z 



1 1 fi5 ... ^19 Zi 
1 1 f 25 • • • V29 Z2 

11 1 ... 1 1 



where the coordinates Vij and Zi are expressed by 

_ ^34 Ujj _ U3iyi 



Uii U3j ' 



UiA ys 



(i = 1,2; j = 5,6,7,8,9). 



(A.2) 



The action of the standard Cremona transformation with respect to {pi,P2,P3), denoted by S123, 
on these variables is given by si23{vij) = 1/vij and 5123(^1) = 1/zi. This transformation 
together with the symmetric group &q x S3 generates the affine Weyl group W{Ey^^) = 
{si2, 524, S45, S56) S67, ■S38; ^sg, S123) associated with the Dynkin diagram 




©89 ess ei23 e24 645 ^56 e67 



In this realization of W{e!}^^) C W{E^^^) = {si2 , S23, . . . , S89, S123), the automorphism of the 
above Dynkin diagram can be expressed by vr = S124 •S35 sgs S79. The action of the extended 
affine Weyl group W{Ey^^) = (si2, S24, 545, ssg, sqt, 533, sgg, S123, vr) on the configuration space is 
given by 



512(2:1) = Z2, 

si23(2;i) = — , 

Zl 

545(21) = — , 

^^15 



S12U2 



5123(22) = — , 
Z2 

I ^ Z2 

545(22) = 

V2h 



533(21) 
524(21) 



21 - f 18 

1 - ^18 ' 

22 - 21 



22 



1 



533(22) 
524(22) 



22 - ^^28 

1 - 28 ' 

22 
22-1' 



(A.3) 



and 



7r(%) 



Vik - Vi5 
Vik - 1 



8,9,6,7 for i = 6,7,8,9), 



(A.4) 
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for i = 1,2. From this representation, we obtain a family of functional equations 

w{vi,) = Srj{v), w{zi) = Rf{v;z) (A.5) 

for each w € W{e'^^), where Sfj^v) and Rf{v;z) are some rational functions. 

Let us introduce the variables Cj = e(ej) (i = 0, 1, . . . ,9), where £i are the coordinate functions 
introduced in Section [51 and suppose that the parameters ui, . . . ,uq are expressed by Uj = cj/cq 
(j = 1,2,4,5,6,7) and uj = cj/cq {j = 3,8,9) with 2r + s = 1. Then, yf{u) and yf{u) are 
expressed by 

Cuir-,_ (1 - VC2)(1 -C2C3t/co) C/./rx {I - t / Ci) {I - CiC^t / Cq) 

Vi — T\ TTTTTi „ „ „ /„ n ' 2/2 



and 



(1 - Ci/C2)(l - C1C2C3/C0) ' (1 - C2/Ci)(l - C1C2C3/C0) ' 

(t/cS) = '^'ii- (A.6) 

Cf{l - C1C2C3/C0) 



Cg(l - Cl/C2)(l - C1C2C3/C0) ' Cg(l - C2/Cl)(l - C1C2C3/C0) ' 

= ;-^"''''f° . (A,7) 

1 - C1C2C3/C0 

respectively. These expressions with (jA.ip and (|A.2p give us 

_ (Ul - tt4)(l - U2U3Uj) _ [eu][e23j] 

^^■^ (1 - U2U3U4){ui - Uj) [£234] [eii] ' 

{U2 - U4){1 - UiUsUj) [e24][ei3j] , f, „s 

V2j = 7 TT r = 7 rp r V-^-"j 

(1 - UlU3U4){U2 - Uj) [ei34j[e2jj 

for j = 5,6,7 and 

M2(^l - U4){U3 - Uj) _ [ei4][£3j] 



Vij 



(1 - U2U3U4){1 — UlU2Uj) [£234] [£12^] 



. ^ m(^2-n4)(n3-^j) ^ [£24][£3j] g^| 

{1 - UiU3U4){l - UiU2Uj) [£l34][ei2j] 

for j = 8,9. We find that these expressions satisfy w{vij){e) = Vij{w{e)) for any w G W{^e'^^^, 
namely ()A.8P and ()A.9P give a solution to the first equation of ()A.5p . Also, we see that the 
functions 

[ei4] [ei23 + ei-t\ [824] [ei23 + £2 - / a 1 ^^ 

= l^] [e^-t] ' = ^ - - 

and 

^1 = T T7 -2^2 = 7 T7 T (A-H) 

[£234j [£123 + £3 - [£l34j [£l23 + £3 " 

satisfy Zi{w{e);t) = Rf {e; z{e;t)) for any w G ^^(£'7^''). This means that each of (jA.lOp 
and (jA.lip provides a one-parameter family of solutions to the second equation of (|A.5P . These 
solutions will be called the canonical solution, which correspond to the vertical solution in the 
context of the differential Painleve equations. 



[£134] 


[£2 


-t] 


[^24] 




-t] 
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A. 2 The lattice r-functions and the bilinear equations 



Here, we introduce a framework of the lattice r-functions and show that the action of the 
extended affine Weyl group W{Ey^'') is transformed into the bihnear equations for the lattice 
r-functions. 

Recall that the lattice r-functions for the discrete Painleve system of type E^^ are indexed 
by A G M = W{E^g^) . ei = { A G /: | (A, A) = 1, (c, A) = -1 } |8]. Let us decompose the central 
element c = 3eo — ei — e2 — ■ • • — eg into two irreducible components by [T7] 



c = Vc + Vl, 



T^c = 2eo - ei - e2 - 64 - es - 66 - 67, 

Pl = 60 - 63 - 68 - 69 



corresponding to the conic C and the line L. Then, we have two M^(£'|^^)-orbits 

= {A G Af I (Pc, A) = -1, (Pl, A) = } = . 61, 

= {A G M\{Vc,k) = 0, (Pl,A) = -1} = 1^(4'^) .63, 

which are transformed by the action of the Dynkin diagram automorphism tt G VK(-Ey^^) to each 

other. Hereafter, we consider the lattice r-functions rA for A G M^^ = JJ = W [E^^^ei^ 

on which the action of w; G W(yEf^^ is defined by w{ta) = t^.a- 
Suppose that the variables yi are expressed by 



yi = 77 > 2/2 = rr ' ys 



iVi ' - N2 ' A^3 

where the normalization factors A'"!, N2 and A^3 are certain functions of £i (i = 0,1,..., 9). 
Denote the r-functions for the canonical solution on the conic C by rA|c (-^ £ M^"^); 

C _ '^C2 \cTes\c Teo-e2-e3 \c C _ "^ei | C ^63 | C Tep -ei -63 | C 

- N, ^ y2 - 

C _ '^ei |c "^C2 |c '^co-ei-e2 |c 

Comparing this expression with ()A.6p and (jA.Tp . one can assume that the r-functions for the 
canonical solutions on C and L are expressed by 



and 



(1 - e{t - Ej)) e{aej) {j = 1, 2, 4, 5, 6, 7), 
eipEj) (i = 3,8, 



eiPsj) (j = 1,2,4,5,6,7), 

{1 - e{t - ej)) e{aej) (j =3,8,9), 



respectively, so that the canonical solutions and are transformed by the action of the 
Dynkin diagram automorphism tt to each other. These requirements lead us to r = 1/4, s = 1/2 

and P = a - 1/2, and we get Ni = -CQ^"^^^ci[ei2][ei23], ^''2 = Co~^^^C2[ei2][ei23] and = 

Q-1/2 1/2 r 1 

Co C3' [ei23j. 

Let us introduce the variables /j {i = 1,2,3) by /i = ^0-62-63 ^ _ eo-ei-e3 j.^ _ 
-2o_2^_2l_ Then, the inhomogeneous coordinates zi and Z2 are expressed by 



'es 



= JehLZi 2:2 = -^-^— (A 12) 

[£234] /s ' [£134] fs 
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From (|A.3p . ()A.4p and (|A.12p . one thus obtain a realization of the extended affine Weyl group 
as a group of birational transformations. 

Theorem A.l. The action ofW(^Ej^^^ on the variables (/i, /2, /s) and (tc^, . . . , Teg) is given by 

Sl23(7"ci) = '^"ci/l, Si23(Te2) = ^£3/2, Sl23('re3) = Teg/s, 

Sl2(/l) = /2, Sl2(/2)=/l, 

, /^N 7'c3 [£l28]/l - [g38]/3 ^ "^03 [ei28]/2 - [£38]/3 ^ ff\ '^^3 f 

S38(./lj = 7 , S38(/2j = -r --. , S38(j3j = J3, 

Tes [ei23j Teg [^123] ^eg 

Sl23(/l) = -p, Sl23(/2) = -p, Si23(/3) = 

Jl J2 J3 

[ei4][£l34]/l - [e24][e234]/2 

■S24U1J = i TT ] ! S24(/2j = J2, 

Tci [ei2j[£l23j 7-64 

/ . X [ei34]/3 - [i^24]/2 

S2AU3) - r — ] , 

and 

I N TejTeg -[ei4]/i + [e234]/3 / x Te2 Teg - [£24] /2 + [^134] /s 

vr(TeJ = — r — \ , 7r(Te2) = — r — \ , 

Tc4 [ei23j 7-64 [£l23j 

^(Te3)=Te5, 7r(rc4) = TC3/3, 7r(Te5)=Te3, 

^(Te6)=Teg, 7r(Te7)=Teg, 7r(Teg)=Teg, 7r(Te9)=Te7, 

I f \ 7-64 [ei5]/l - [e235]/3 If-. Te4 ['^25]/2 - [ei35]/3 / . n Te4 

TTiJlj = 7 r? ? TT) ■^(/2j = 1 j TT, 7r(/3j = ■ 

Tes [eujjl - [£234] /3 Teg [e24j/2 " [ei34jj3 Tgg 

These give rise to a representation of W^E^^^Y 

From this theorem, we immediately obtain the bilinear equations (|2.2p and (|2.3p for mutually 
distinct indices i, j, A;, / G {1,2, 4, 5, 6, 7} and r, s € {3, 8, 9}. 

B Another representation 

In this section we again set C = {1,2,3,4,5,6} and L = {7,8,9}. The lattice T-functions t\ 
(A E M^'') for the g-Painleve system of type E^^^ satisfy the following bilinear equations 

[^jk\TerTeo-Ci-Cr — [^ikr]TGjTeo-ei-ej ~ [^ijr]TckTco~Ci-c,, , (B-1) 

and 

[eij][eijr]Te^Teo-ek-er + {iJ, /c)-Cyclic = 0, 
hj][£kl]reo-ei-ejTeo-ek-e, + {i, j, k)-Cydic = 0, 

where i, j, k,l G C and r,s G L. 

As discussed in [UITT], when A = deo — i^ici — ■ ■ ■ — fgcg, the t- function t\ is characterized by 
a homogeneous polynomial of degree d in the homogeneous coordinates of which has a zero 
of multiplicity > i^j at pj for each j = 1, . . . , 9. From this geometric consideration, we find that 
we have the following bilinear equation 
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for i,j € C, which associates with the hne passing through the point pg. The factor d/, corre- 
sponds to the irreducible component of the anti-canonical devisor T>l = eo — ey — es — eg, and is 
invariant under the action of W^Ej^^^ The action of the Dynkin diagram automorphism vr on 
this bilinear equation gives us the second equation in (j2.4p with dc = T^idi)- 

One can get another representation W(^Eip^ for the r- variables, by using the bilinear equa- 
tions ([B?T]) and ([R2]) . 

Theorem B.l. Let us introduce the variables a and a by 

7 6(4;£-23)Te3''"co— 01— es ~ c(~ 4;£23)''"e2 ''"eo— ei— 62 

cr = dr— , 

[£23] 

~ ; ^{^^2'i)'Te2'^co~ci~C2 ~ 4^23 )''"e3''"eo— 61—63 

o- = di , 

[£23] 



where the factors di and d.,- are given by di = e [j^ai — j^ttr) o-nd d^ = d^^ with ai = 3ei27 + 
2678 + egg and Ur = 8634 + 2^45 + £55 . Then, the action of W[Ej^^) on the variables Teg, Te^, 
Te^, Teg, Tg^, Tgg, Tgg, TeQ-ei-e2> and a is described as follows: 



•5127 • ''"ey ^ ''"eo — 61 — 625 
S34 : Teg ^ Te^, ^45 : ^ '^cg, S56 : Teg ^ Tgg, 

e{-\e23) d~^a + e(ie23) dT^a 



823(^63) 



r, 



eo-61-62 



, . e{\e2'i)dr^a + e{-\£23)di^a 
523(^60 -61-62) = , (B.3) 



si2(o") 



c( 4£l2)''"67''"6g''"6g''"6o— 61— 62 ~l~ c( 4£l2)''"e3''"e4''"e5 ''"eg 



a 



S12{CF) = 3 ^ (B.4) 



These also give rise to another representation o/VF(i?j^^). 

Proof. We immediately get ()B.3p from the definition of a and a. It is easy to see that a and a 
are invariant under the action of sgg, syg, Si27; •523, S34, S45 and s^q. The bilinear equations (jB.ip 
and dEl]) yield 

[e (ie23) TejTeo-ei-ea " e (-1^23) 

X [e (1^13) T63'r6o-e2-63 - e (-iei3) 

= [ei3][^23] [e {-\ei2) Tc.jTcgTcgTeo-ei-e2 + G {jSu) ''"63 ''"64 ''"eg ''"( 



66 J ' 



from which we get the first equation of ()B.4p . Since we see that vr : cr ^ a by the definition, we 
immediately get the second equation of ()B.4p . ■ 

Note that this representation coincides with that constructed by Tsuda [18]. The above 
theorem gives us the following proposition. 

Proposition B.l. Define the variables f and g by 

J. _ ? e{lei2)Tc^TegTegTeo-ei-e2 + e{-\ei2)Te^Te4Te^Tef^ g -- 

cr e{-\ei2)TejTefiTegTeo-ei-e2 + e{jei2)Te3Te4Te^Te(^ ' O" 
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Then, the action ofW{E^^^) on these variables is described by 
si2- f'^g, tt: fh^\, g^-, S23: f^h, 

f g 

where h is a rational function determined by 

h + df ej^eu) _ f + dfej^eis) g + dfe{-^e23) 
h + dfe{-^ei2) f + d^ei-^eis) g + d^e{^e23) 

Note that the variable / can be expressed by 



(B.5) 



J _ ^2 ^{4^13)TciTco-ci-C2 c( 4£l3)''"e3Teo-e2-e3 
^( 4^13)''"e3''"eo— 62— 63 ~ c(— ^ei3)Te]^Teg_ei— 62 

and h = 513(5). 

C A derivation of the difference equations 

By writing down the action of the translation operator T21 € W[Ej^^^ on the variables / and g, 
we will get the system of g-difference equations (jl.ip . Hereafter, we denote the time evolution 
of a variable x hy x = T2i{x) and x = T2i^(x). Let us introduce the transformation /i by 
/i = si2S23Si47'Si58Si69- It is easy to see that T21 = /U^ and ^{g) = f. We also introduce the 
auxiliary variables k = S247(/i) and / = S258(A;). Note that we have 'g = S269(0- 

Lemma C.l. We have 

f + df ej-^eis) ^ f/g - ej-^eu) f/h - e(-^£23) 

f + dfe{^eis) ~ f/g + e{-\ei2) /A -6(^623) ' 
f + (l^K^^e{-\e2A^) _ f/h-e{\£22,) f/k - ej-^eui) 

f + dfK47e{^£2i7) f /h- e{-\e23) f /k - e{\eu7) 

f + dfK5se{-^e258) _ //fc- 6(^6347) /A - e(-|£347 - ^£258) 

/ + (i2K58e(ie258) f/k-e{-\eu7) /A - £(^£347 + ^£253) ' 

/ + dfK69e(-^£269) _ /A " e(^g347 + ^£258) f/g - e(-^(gl2 + 

f + dfKQQe{\£2m) /A - e(-^£347 - ^£258) f /g - e{\{ei2 + 5)) 
Proof. The first equation is reduced to (1B.5|1 . The other expressions can be rewritten as 
/ + (ifK47e(-^£247) h + df Kijej^Esij) k + dfKi7e{-^e23) _ ^ 

/ + (if K47e(i£247) h + df K^Yei-^EsiY) k + df K47e{^e23) 
/ + d;^Av58e(-^£258) ^ + ti;^K58e(^£347 + ^£258) / + tif K58e(- ^£347) _ ^ 
/ + (if K58e(i£258) ^ + C^z^K58e(- ^£347 - ^£258 ) / + K58e(i£347) 

/ + dfAv69e(-^£269) ^ + (if /t69e(^ (£l2 + i^)) g + rff^69e(-|£347 - ^£258) _ ^ 
/ + df K69e(i£269) / + (if K69e(-i(£i2 + <5)) 5 + (^f '«69e(^£347 + ^£258) 

where K47 = £(^ £34 - ^£127), «^58 = e(i£35 - ^£128) and kqq = e{^£3Q - ^£129)- From the 
expressions (|B.6p . we get 

/ + (if K47e(-|£247) / 1 N 

- e (-2£247j 



/ + C?f K47e(4£247) 
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By applying S13S12 and S247 successively, we also get 



- ? (,2^347) 



64 '60—63—64 



^£23) 



67 '60—63—67 



k + dfK4je{ ^£23) _ / I \ 7"6o-62-64''"eo-63-67 



k + ^2^476(^623) 

and then the first equation of (jC.ip . The second and third equations of (|C.ip can be obtained 
by a similar way. ■ 

The above lemma immediately gives us 

fg- e{\ei2) fg - e{\{£i2 + 5)) 
fg - e{-\£i2) fg - e{-\{ei2 + 5)) 

_ f + dfe{lers) / + ti;^/t47e(^£247) / + ti^^58e(^£258) / + ^696(^6269) 
/ + dfe(-iei3) / + dfKi7e{-^e247) f + dfK5se{-^e258) f + dfKQQe{-^e2m) ' 

where we replace g with 1/g. Applying to the above equation, we also get 

h - e(-^(£i2 - S)) fg - ej-^eu) 
h - e{^{ei2 - 5)) fg-e{\ei2) 

_ g + dle{\e23) g + dlKlje{\ei4rr) g + d'^.K^lej^ei^s) 9 + d'^nQgej^eieg) 
g + d2e(-ie23) 9 + d'^K'^je^-^euj) g + d'^K^^ei-^ei^s) g + d'^K^gei-^eieg) 

Let us introduce the parameters 6j (z = 1, 2, . . . , 8) and the independent variable t by 

63 = -q^^^dfe (i(ei5 + £25) + ^£35) , 64 = -q^'^dje (|(ei6 + £26) + ^£35) , 

65 = -q^l^dje (-i(£i3 + £23)) , h = -q^^^dfe (-i(£i37 + £237) - ^£127) , 

br = -q^^^dfe (-3(£i38 + £238) - ^£128) , &8 = -q^^^dfe (-3(£i39 + £239) - ^£129) 

and t = 6(^612), respectively. Replacing the dependent variables / and g with q~^^^t^^/'^ f and 

1/8^-1/2 

g, respectively, we get the system of difference equations (jl.ip . 
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